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Abstract

l’his paper presents  a simple on-line approach jor Ino-
iion co TLirol of rover-mounied Inauipulaiors.  An inte-
grated kinemaiic  model oj the rover-plus-manipulator
system  is derived which incorporates the non-h olonomic
rover constraint with the end-e~ector  task. l’hc re-
dundancy i7itroduccd by the rover mobility is eq)loited
to perjorm  a set oj user- spceijicd additional tasks dur-
i7ig t he  cnd-eflector  moiion. lfhc configuration coTL-
trol approach is uiilizcd  to satisfy  the norr-holononiic
rover constraint, while acco7nplishing the end-e ffcctor
motion and the redundancy resolution goals siniuliane-
ously. l’his jramcwork  allows the user to assign weigh i-
ing jactors  to the rover movement and manipulator mo -
tio71, as well as to each task specification. The conlputa-
iional  eJlicicncy oj the control scheme makes it particu-
larly suitable jor real-time ilrt~)lellielitatioli. l’}le pro-
posed nlcthod is applied to a planar two-jointed arm
nlounied on a rover, and computer sinlu[ation results
are presented jor illustrational

1 Introduction

In rcccnt years, pat]l  planning a)ld motion control of
Inobile robots have been active areas of research [see,
e.g., 1-13]. When the base mobility is ~~rovidcd  by a
track, a gantry,  or another robot, the kinematics of
the base platform has holonomic  constraints similar to
the kinematics of the manipulator itsclfi thus the base
can efl’cctivcly  bc treatccl  as aclditic,nal rcvolutc  or pris-
matic joiuk  of tllc IIlanipulator  [6]. On tllc otllcr  hand,
wheeled nlobilc  platforlns,  SUCII  as rovers, arc subject
to non-integrable kinematic constraints, known as 710n-
holonomic  constrains. SuclL constraints arc generally

1 ~lhc re~carch ~~~c~i~cd  ill th i s  pqmr  was c a r r i e d  out  a t

the Jet F’repulsion I,aboratory,  California Institute of l’echrrol-
OKY,  ~lIIdCI CoIILIaCt with L]lc National Aeronautics and Space
Administration.

caused l)y one or scvclal  rolling contacts between rigid
boclics, and reflect the fact that the nlobile  platform
must niove in the direction of its main axis of sym-
metry. A rover is a tyl)ical non-holonomic  mechanical
system. It can attain any position in the plane of nlo-
tion with any orientation; l]ence the configuration space
is three- dimensional. IIowcver, the velocity of motion
must always satisfy a non-holonomic  constraint; thus
the spa( e of achievable velocities is two-dimensional.

1x1 this paper, the configuration control methodology
developtd  earlier [14-1 b] for redundant robo~ contr-ol  is
extcndcJ  to motion co~ltro] of rover-l nounted  n~anipu-
lators.  ‘1’he  non-holol~omic  kinematic constraint of the
rover fits naturally in the configuration control formu-
lation. ‘1’hc norl-holonot[lic rover constraint, the desired
end-cffector motion, and tile user-specified redundancy
resolution  goals are combined to forln a set of differ-
ential  kinematic cqilations. ‘J’llcse equations are then
solved i o obtain the required rover and manipulator
motiolls.

2 Kinematic Analysis of Rover-
Manipulator System

In this section, wc develop a fully i7~tcgratcd kinematic
rcprcsclltation  of the rover ancl tllc lnani~)ulator,  rather
than trc sting tile rover and the manipulator as two sep-
arate clltitics.

2.1 Non-h olonolnic Rover Subsystem

Consid(r  a frol)t-wllecl-clrivc four-wllcclcci  rover .  ‘J’IIc
rover is represented hy a two-d i~ncnsiona] rectangular
object ( ranslating and rotating in tllc plallc  of motion,
as illustrated i[l I’igure 1. I,ct l’(z~, yf) denote the
midpoint  bctwecll the twc) front wheels and lt(z?, y,)
rcprese~lt the rnicl~)c)illt  between the two rear wheels of
the rowr, where the c.c)ordirlatcs  arc expressed with re-
spect  to the fixed world frame {W} with axes (Oz, Oy)



shown in Figure 1. ‘1’hc rover confrgurat,ion  is paranl-
etcrized  by the 3 x 1 vector p =. [xj, yj, @]T,  where @
denotes the orientation of the main axis of the rover
relative to the z-axis of tl~c world fraxne,

Assuming a pure rolling contact between the rover
wheels and the grouucl-  i.e., no slipping. - t,he velocity
of point R is always along the ll”l?lill  axis of the rover.
Hence, we have

i, z= A cm ~ ; rjr := A sin @ (1)

where A is a scalar. Elilniuatiug A,, we otrtain

ir sin~  –- j, cosc#  = O (2)

Equation (2) can be expressed in terms of the coordi-
nates (zj, yj) of the front point 1’ on the rover. ‘l’he
coordinates of the rear point Ii(z., yr) and the front
point I’(xf, yj) arc related by

where 1 denotes t}lc distance bctwccll R ancl l’, i.e., the
rover length. ‘1’bus, the velocities of N and 1’ are related
by

ij == ir – /j) sin qt ; yf = jr -k fdcos~ ( 4 )

l’rorn equations (2) and (4), we obtain  the following
non-h  olonomic kinematic co71strai71i

ijsinqJ–yfcosq5+  ~1=(1 (5)

or, in Inatrix  form

[sill @ -- cos @ I]j = (1 (6)

where ~} = [ij, yf,  ~]7’. l~qu at ion (6) rcpreseuts a l~at-
ural constraint that ]nrrst bc satisfied by the velocity
vector ~), [7]. Note that equation (6) is a special fc)rrn
of the nol)-holonomic  coustrai])t

G’(p)j = o (7)

where G is a u x n matrix and p is the ?l x 1 vector
of gcncra]ized coordi]latcs  of the systcm.  A kinematic

constraint of the form (7) is called no~l-holonornic  if it
is nou-illtcgrab]c;  i.e., g cau ~lot bc cli~ninated  and tl~c
constraint (7) can not be rewritten ill terms c)f g alone in
the form II(q)  =- O. Ot,hcrwisc, the constraint is called
holonomic.

Now, tllc control variables of the rover arc the linear
speecl v of t,hc front  wheels and the st,cering angle ~
bctwccn the front W1lCCIS and the main  axis c)f tbc rover.
g’hc col)trol varia,blcs [v, ~] arc rclal,ccl to the velocity
variables [i:j, rjj, ~] by

where the third equation is derived from the first two
al~d tllc constraint (6). Given (ij, jf, ~), the rover
speed u and the steering auglc y are found from cqua-
tiou (8) as

[ 1*$1
‘u= :+j +- y;] + ; ~ == sin-l _ _

(i,; + j;)+
(9)

We conclude that at any configuration (xj, yj, 4),
the space of velocities (j;f, ~j, q!J)  achievable by the rover
is restricted to a twc,-dirnensional  subspacc in view of
the corlstraint  (6). ‘1’his inlplies  that the velocity vector
j is cc)inpletely  dcterrnirlcd  by the configuration vec-
tor p and, say, i:j arid j~. Notice that the achiev-
able corlfiguration  space (xj , y~, ~) of the rover is threc-
dirnensional,  i.e., is corl~~~lctcly uurcstricted.

2.2 IIolonomic  Manipulator Subsystem

For sirllplicity  of presvutation,  we consider a pla~lar
two-link manipulator arm roountcd  on the rover, as il-
lustrated in l’igure  1. IIowcver, the methodology pre-
sented  ill this paper is gerlcral and is equally applicable
to any type  of ?~-joil~ted rover-mounted manipulator.

I,ei, O, and 02 reprcsetlt  the joist angles and II and 12
denote the link lcngt,hs  of the manipulator arm. Con-
sider a moving vehicle frarnc {V} wit}l axes (Fi, l’~)
attachccl  to the rover at the front midpoint J’. IJet
the posit ion of the nlarlipulator>s  eud-cffcctor  1; bc the
~~rirnary task variable of interest. ‘J’hen, the Cartesian
coordinates of l; with respect to t}lc vehicle frame {V}
can be expressed as

‘1’he cnd-cffector  positic~n c o o r d i n a t e s  X, = [ze, Y,]7’
relative t<) the worlcl frarlle {W} arc given by

From equation (1 1), the Cartesian velocity of the eud-
cfkctor  in {W} is related to t}lc rate-of-cllauge of the
configurate ion variables as

I
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or, in matrix form

[

if
1 0 J,,,13 J,,114 –12 sin f9120
O 1 J,,,23 J,,,z4 /2 sin d~zo 1[ ]i “ ~~eo

(13)
w h e r e  ~~ls = .J,,,14 = –/1 sin UICJ – 12 sin r91zcJ, JnlZ3 =
Jn,a4 = i] cosf?,o  +  1.2 c0sO~,2~,  Olo = L9~  +  ~, 0120 =
01 + 02 + @, and O = [01, 02]1 is the 2 x 1 manipulator’s
joint angle vector. ltquation (13) can be writterl  in the
colltpact  form

J,,l(g)g  =: i, (14)

where 3,,, (g) is the 2 x 5 manipulator’s cnd-effecter Ja-
cobian lnat, rix, al]d g = ~J7’, d7’]T  = [z;,, yf, #, dl, 62]T’
is the 5 x 1 configuration vector of the rover-mounted
t~la[li~~lilatorsystcr~l.  ];quation  (]4) represents a holo-
nomic  kinematic constraint since it can k)e expressed as
the position constraint II(q) = Ointhefcmm  ofequat,iorl
(11).

We conclude that  the kinenlatics  of the rovcr-
ljllls-l~lal~il>~llator  system can be modeled as the non-
holonomic  rover constraint

Jr(q)g  = o (15)

where Jr(q)  = [G’(p) :O], together with the holonomic
mallipu]ator  constraint

J,,, (g)rj == i-e (16)

I;quations  (15) and (16) are combined to obtaiil  the dif-
ferential kine]natic  model  of the integrated rover-plus-
manipulator syste~n as

[tl’w[i] (17)

where the dilnensions  of g ancl [O, ~~’]z’ are n = 5 and
m = 3, respectively.

3  M o t i o n  C o n t r o l  o f  Rover-
Manipulator System

In this section, t h e  co]lfiguratior] control  lncthodol-
ogy developed earlier [14-15] for redundant lnanipula-
tors  is extended to rnotioll  cont,rol of the rover-plus-
manipulator systc[n.

Consider the ifltegrated  rover-plus-~  nanipulatorsys.
tern. ‘J’he integrated systmn  ill ccluat,ion (17) is kirle-
ll~aticallyre(ll]]~darlt with thedegrec-of-rc  durldatlcy r =
11 - m = 2. III tile configuration control approach, the

redundancy is utilized to accomplish additional user-
specificd tasks by direct control ofasetof r user-defined
kinematic functio)]s

z = g(q) (18)

whilr  controlling  tile end-effcctor  motion, where Z and
gartrx 1 vec to r s .  ‘J’hcadditional  t,ask v a r i a b l e s
can t)e expressed ill the velocity form

Jc(q)g = 2 (19)

wher(  Jc = ~~ is the r x n Jacobian matrix associated
with thekine~natic  functiorls  Z.On  cornbiningt her over-
plus-] manipulator cotistraiuts  (17) and the user-specified
additional task varial)lcs

[

J,.(q)
JW (q)
Jc(q)

Or, iIl JIlahiX fOrIJl

9): weobta

J(q)g = i

(20)

(21)

where J(q) is tile com])ositenx  ?J Jacobian mat,rix, and
~ = [O, ~~’, &’]T’  istlle ~~x 1 task velocity vector.

sup~,ose that tile desired end-effecter velocity id,
and th[ desired rate-of-variation of the liinen~aticfunc-
tions  ~d arc sl)ccified by the user. Then  we need to
solve tlic augmented diffcrexltial  kirlernatic  equation

J(q)i  = id (22)

for 9, }!here id = [0,~~~,@]7.  ‘1’o  avoid large vc-
Iocitics j, the user earl impose the v~locity weighting
f a c t o r  Jtru = dicJg{W,,, W~} on {j}, O}, and at tempt
to rnini]nize  the weighted sum-of-squares of velocities

II i ll?+/O -1- II i [l~trb. III addition, the user can as-
sign pric)ritics to t}lc cnc]-ef[ector  motion, the additional
task reqllirernents, and the non-h o]onolnic rover con-
straitit by sclcctirlg tile appropriate task weig}lting fac-
tor PVt = diag{W.,  W’e, WC}, ancl seek to ~ninimize  the
weighted SUIJI of task velocity errors 1] ~r Il&, + II

~je ll~e ‘1 II ~~c ll~Vc, wl)~rc  ~j, = ~.~, ~/’, == ~& –  ~,
and ~~c : id – ~ are the non-ho) onotnic  rover, end-
effcctor, and additional task velocity errors, respec-
tively. llcnce,  W( s eek  to fi)td the opti]nal  solutio]l o f
cquatio]i  (22) that, niinilllizes  the scalar cost futlction

1, = $?’ w,, ~) + (P’ w~ 0-1 ;;’ W, i:, +- j;:’ we j:. +- i’:’ w. i;c
(23)

‘1’ILc  optis], a] damped-least-scluares solution of (22) that
nlinimizes  (23) is give]) l)y []5]

g == [JT’WIJ -I WV]-l  JT’Wt~d (24)
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This solution is singularity-robust for W“ # O, since the
matrix inverted is always positive-definite and hence
non-singular. Note that in the special case where
W“ = O, equation (24) gives q =: ~-1  Xd, assuming
dct[~]  # O, which is the classical iriverse Jacobian so-
lution. To correct for task-space trajectory drift which
can occur in differential kinematic schemes, we intro-
duce the actual configuration vector X in equation (24)
as [15]

where K is an n x n constant diagonal matrix with zero
or positive diagonal elements. Notice that for the non-
bolonomic  rover collstraintj  the appropriate elements of
X and Xd arc set to zero since the constraint is non-
integrable. ‘J’he numerical value of K determines the
rate of CO]lVergen  Ce of X to Xd.

l,et us now re-visit  the two-jointed manipulator arm
mounted on the rover as illustrated in l’ip, ure 1. There
arc five degrees-of-freedom and only two end-effecter co-
ordinates to be controlled and one non-bolonomic  rover
constraint to be satisfied. ‘1’hereforc,  two additional
co~lfig(lratiol~  -de~~el~de~}t kinematic functions .Z1 (q) and
z2(q) can bc specified and controlled independently of
the end-effecter motion and the ~ion-bolonomic  rover
constraint. For the sake of illustration, we choose the
rover orientation q+ relative to the world frame and the
manipulator elbow angle # between the upper-arnl  and
forearm as tbc additional task variables. IIence

Zl(q)=(j ; Zz(q) == ?/) = 180 °-- !92 (26)

or, in velocity form

[

0 0 1 0 0
0 0 0 0 – 1 1’=[:1 ’2 7 )

desired rate-_o~-va~iation  o~~ and @, respectively. on
combining the rover-plus-manipulator moclel (1’
the additio~lal  task specifications (27), wc obtail

I

sin~ —cos@ 1 0 0

II]

i!-f
1 0 J2:) Jz4 JZ5 Yj
o 1 J33 J34 J35 f —..
0 0 1 0 0 01
0 0 0 0 –1 02

I with

o-
i&
Yde

@d

tjd  -

(28)
w h e r e  J23 == J2 4  = --/1 sin 010 -- 12 sin 0120; J33 ==

JW = 11 cos 010 -t 12 COSOIZO;  JM = –12 sin 0120; J35 =
IZCOSOIZO;  O1O = 01 + d); OIZO =: 01 + fh -& 4. Note
that (28) e]nbodies  the nomholonornic  rover constraint
(5). IJquation  (28) represents a set of five equations in

tbe five IInknown  elenlcILts of q that can be solved us-

ing the damped-leas-squares configuration control ap-

j)roac,h  described earlier in this section. IIy direction
calculation, the detern~inaJlt of the 5 x 5 augmented
J acobiall matrix appearing on the left-hand side of (28)
is found to be

dct[J] = 11 C O S  ~]  -} 12 C. OS(~I  +  02) =  i. (29)

Therefore, J is non-singular and (28) can be solved ex-
actly provided  ttkat i~ # O; i.e., tbe end-effcctor  E does
not lie c~n the Fy axis of the vehicle frame {V}.

Now, suppose that tile rover length  is 1 = 20cm and
the link lengths are /1 = 12 = IOcrn.  I,et the initial
configuration of the rc]\’er-~~l  lls-rt~atli~JL] later system be
given by

qi =: {z’, = 30cm, y~ = 15c?71,  @ = 00, f?l = –75°,82  =: 1 5 0 ” }

‘l’his yi(lds  the initial task vector

xi : {Xe == 35.18 c?/l, ye = 15c?71, # = OO)?/)  = 30°}

Suppos(  that tile desired final task vector at time T = 1
second is specified as

X~ = {Xc == 65.18 cm, ye z 45c7n,~J = 300, @ = 90°}

‘l’his c(~rrespo]lds  to a rapid cnd-effecter motion of
{( Aze)’J  :- (Aye) 2}* :. 42.4crn  in one second. Notice
that the target end-efrector  position is not attainable
wit,hou( rover rnot,ion. T’ssk-space  motion trajectories
are specified as st,raigtlt-lirlcs; for instance

where (xi,  *f) arc tile initial and final values and T is the
durati(,n  of motion. Similar trajectories are specified
for yd(t), #d(t),  and ?/’d(t). ‘~’hese  trajCCtOrkS  p r o d u c e
a straight-line end-cflc!c.tor motion in Cartesian space
from (J~, &) to (~:{, y{). Notice that the target elbow
angle @ = 90{’  gives lnaximurn  cnd-eflector  n~anipula-
bility  at the filial colliiguration.

A computer sir,lulation  study is performed to cal-
culate  the required cotlfiguration  variables  q(t) =-
{xJ(t))  Vf(t), q’)(t),  Ol(i), Oz(t)} to accomplish the tasks
of cnd-effecter mc)timl, and 4 and @ control, while
satisfying the rlol)-}lolorlonlic rover constraint. 1 n
the simulation, ~ve set. T = 1, At == 0.01, Wt =
diag{l,l,l,l,l},  Wt = diug{O,  O, O, O, O}, and A’ =
diag{O, 0.1,0.1,0, O}. ‘J’he simulation results are shown
ill Figures 2a-2b. ‘Jibe path traversed by the end-cffcctor
J; is shown in l’igurc 2a. It is seen tliat the end-cffcctor
moves  on a strai@t li[lc from (x:, y:) to (2{, y~ ), as
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specified. IJigurc  2b verifies that the rover orientation
~ and the eltrow allgle @ change from their initial val-
ucs to the specified final values on straight-lines in one
second, as desired. lhe non-h olonomic. rover constraitlt
function j == ij sin ~ -- yf cos ~ + ~1 is computed and
found to trc equal to zero throughout the motion; i.e.,
the rover constraint, is satisfied. Note that the required
rover speed v and steering auglc  7 can be computed
from equation (9).

4 Conclusions

A sirnplc schcrt~e is presented for on-line control of
rover-mounted manipulators. ‘lhc  configuration control
approach is cxtcndcd  to irlcorporatc  the non-holonornic
rover corlstraint  with the desired end-cflector  motion
and the user-spccificd redundancy resolution goals. ‘l’he
key advantages of the present approach over the J)rc\,i-
ous schcmcs arc its flexibility, simplicity, and conlputa-
tiona)  efficiency. ‘]’hc  ability to ChZLIl~C the task specifi-
cations ancl t}lc task weighting fact,c)rs on-line trased on
the user rcquirc[ncnt,s provides a flexible framework for
mobile robot control. lurtller~norc,  in contrast to pre-
vious approaches which arc suitab]c  for off:line motion
plannirrg, tile simplicity of the present approach leads
to co~nputatio~la]  cfficicllcy whic]l is essential for o~l-line
control in real-tilnc irll{)lcrllclltatiolls.
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#igure 1. Rover-mounted manipulator
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Figure 2a. Motion trajectory of the end-effecter E
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Figure 2b. Variations of the rover orientation + :,nd elbow angle y


